
�«£®à¨â¬ à¥ «¨§ æ¨¨ â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­ëå ®¯¥à æ¨© �

�¨ªâ®à �¥¡¥«®¢, �«¥ªá ­¤à � æ®ª¨­

�­áâ¨âãâ ¢ëç¨á«¨â¥«ì­®© ¬ â¥¬ â¨ª¨ ¨ ¬ â¥¬ â¨ç¥áª®© £¥®ä¨§¨ª¨ �� ���

�®¢®á¨¡¨àáª, �®áá¨ï

�­­®â æ¨ï

� ¯à¥¤« £ ¥¬®© à ¡®â¥ ¤¥â «ì­® ¨§« £ ¥âáï  «-
£®à¨â¬ à¥ «¨§ æ¨¨ â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­ëå ®¯¥-
à æ¨© ­ ¤ ®¡« áâï¬¨ á ªãá®ç­® £« ¤ª¨¬¨ £à ­¨æ ¬¨,
ãç áâª¨ ª®â®àëå § ¤ ­ë ¯ à ¬¥âà¨ç¥áª¨ ªã¡¨ç¥áª¨-
¬¨ ¯®«¨­®¬ ¬¨. � ¦¤ë© ãç áâ®ª £à ­¨æë ï¢«ï¥âáï
¢ë¯ãª«®© ¨ ¬®­®â®­­®© äã­ªæ¨¥©.

�«£®à¨â¬ ®á­®¢ ­ ­  à §¡¨¥­¨¨ ¯«®áª®áâ¨ ­ 
®¡« áâ¨ ®¡é¥© á®¢®ªã¯­®áâìî £à ­¨ç­ëå ªà¨¢ëå
¤¢ãå ®¡ê¥ªâ®¢ { ®¯¥à ­¤®¢ â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­-
­ëå ®¯¥à æ¨¨, ¨§ ª®â®àëå ¨ á®áâ ¢«ï¥âáï à¥§ã«ìâ¨-
àãîé¥¥ ¬­®¦¥áâ¢®.

�á­®¢­ë¬¨ ¢ëç¨á«¨â¥«ì­ë¬¨ ®¯¥à æ¨ï¬¨ ï¢«ï-
îâáï à¥è¥­¨¥ ªã¡¨ç¥áª®£® ãà ¢­¥­¨ï ¯® ä®à¬ã«¥
� à¤ ­® ¨ ¢ëç¨á«¥­¨¥ â®ç¥ª ¯¥à¥á¥ç¥­¨ï ¯ à ¬¥-
âà¨ç¥áª¨å ªà¨¢ëå ¬¥â®¤®¬ �ìîâ®­ .

�«îç¥¢ë¥ á«®¢ : ®¡« áâì, ª®­âãà, å à ªâ¥à¨áâ¨ç¥-

áª ï äã­ªæ¨ï, à §¡¨¥­¨¥ ¯«®áª®áâ¨, à¥£ã«ïà¨§®¢ ­-

­ë¥ â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­ë¥ ®¯¥à æ¨¨.

1. ��������

�¥®à¥â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥  «£®à¨â¬  à¥ «¨§ -
æ¨¨ à¥£ã«ïà¨§®¢ ­­ëå â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­ëå
®¯¥à æ¨© [1] ­ ¤ ®¡« áâï¬¨ á ªãá®ç­® £« ¤ª¨¬¨ £à -
­¨æ ¬¨ ¡ë«® ¤ ­® ¢ áâ âìïå [2, 3], ª®â®àë¥ ¢® ¬­®£®¬
¯®¢â®àïîâ  ­ «®£¨ç­ë¥ ãâ¢¥à¦¤¥­¨ï ¡®«¥¥ à ­­¥©
à ¡®âë [4].

�¤¥áì ¬ë ®£à ­¨ç¨¢ ¥¬áï á«ãç ¥¬, ª®£¤  £à ­¨-
æë ®¡« áâ¥© á®áâ ¢«¥­ë ¨§ ª®­¥ç­®© ¤«¨­ë ªà¨¢ëå,
§ ¤ ­­ëå ¯ à ¬¥âà¨ç¥áª¨ (x(t); y(t)); t 2 [0; 1]; £¤¥
x(t) ¨ y(t) { ªã¡¨ç¥áª¨¥ ¯®«¨­®¬ë. �â® ®£à ­¨ç¥­¨¥
á¢ï§ ­® ¯à¥¦¤¥ ¢á¥£® á ¯à®áâ®â®© ®¯à¥¤¥«¥­¨ï â®ç¥ª
¯¥à¥á¥ç¥­¨ï ªà¨¢®© á ¯à®¨§¢®«ì­®© ¯àï¬®©, çâ®, ª ª
®ç¥¢¨¤­®, á¢®¤¨âáï ª à¥è¥­¨î ªã¡¨ç¥áª®£® ãà ¢­¥-
­¨ï, ­ ¯à¨¬¥à, ¯® ä®à¬ã«¥ � à¤ ­®.

� ¬¥â¨¬, çâ® ª ¦¤ ï ªà¨¢ ï ¬®¦¥â ¡ëâì à §¡¨â 
­¥ ¡®«¥¥, ç¥¬ ­  á¥¬ì ¤ã£ â®çª ¬¨ (x(ti); y(ti)); £¤¥
ti 2 [0; 1] ®¯à¥¤¥«ïîâáï ¨§ à¥è¥­¨ï ª¢ ¤à â­ëå
ãà ¢­¥­¨©

x0(t) = 0; y0(t) = 0;

x0(t) � y00(t) � x00(t) � y0(t) = 0:

�)� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ����
(¯à®¥ªâ 96{01{01758).

� ¦¤ ï â ª ï ¤ã£  ®¯¨áë¢ ¥âáï ¬®­®â®­­®© ¨ ¢ë¯ã-
ª«®© äã­ªæ¨¥© ®â­®á¨â¥«ì­® ®á¥© ¤¥ª àâ®¢®© á¨áâ¥-
¬ë ª®®à¤¨­ â.

� ª ª ª ¢ ®¯¨áë¢ ¥¬ ­¨¦¥  «£®à¨â¬¥ ®á­®¢­®©
¢ëç¨á«¨â¥«ì­®© ®¯¥à æ¨¥© ï¢«ï¥âáï ®¯à¥¤¥«¥­¨¥ â®-
ç¥ª ¯¥à¥á¥ç¥­¨ï ¤¢ãå ¬®­®â®­­ëå ¨ ¢ë¯ãª«ëå ¤ã£
¬¥â®¤®¬ �ìîâ®­  [3], â® ¡ã¤¥¬ áç¨â âì, çâ® £à ­¨-
æë ®¡« áâ¥© § ¤ ­ë ª®­¥ç­ë¬ ç¨á«®¬ â ª¨å ¤ã£.

�à ­¨æ  @
 ®¤­®á¢ï§­®© ®¡« áâ¨ 
 { § ¬ª­ãâ ï
ªà¨¢ ï c (ª®­âãà), á®áâ®ïé ï ¨§ ¯®¯ à­® à §«¨ç­ëå
¤ã£ 
1; :::; 
n (n = n(c) { ª®«¨ç¥áâ¢® ¤ã£), ª®­¥æ ª -
¦¤®© ¨§ ª®â®àëå á®¢¯ ¤ ¥â á ­ ç «®¬ á«¥¤ãîé¥© § 
­¥© ¤ã£¨, ¯à¨ç¥¬ ¤ã£¨ ª®­âãà  ¬®£ãâ ¨¬¥âì ®¡é¨-
¬¨ â®«ìª® ª®­æ¥¢ë¥ â®çª¨. �¤­®á¢ï§­ ï ®¡« áâì ®¤-
­®§­ ç­® ®¯à¥¤¥«ï¥âáï á¢®¨¬ ª®­âãà®¬ ¨ ¯à¨§­ ª®¬
®£à ­¨ç¥­­®áâ¨ ®¡« áâ¨ ! = (1 2 
):

� ª ª ª ¬­®£®á¢ï§­ ï ®¡« áâì 
 ¯à¥¤áâ ¢¨¬  ¢

¢¨¤¥ ¯¥à¥á¥ç¥­¨ï ®¤­®á¢ï§­ëå ®¡« áâ¥© f
ig
n(
)

i=1 ; â®
®­  ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ­ ¡®à®¬ ¨å ¯à¥¤áâ ¢«¥-
­¨© h ci = c(
i); !i i ¨ ¯à¨§­ ª®¬ á¢®¥© ®£à ­¨ç¥­­®-
áâ¨ ! = (1 2 
) :

B(
) = h fci; !ig
n(
)

i=1 ; ! i:

�¥£ã«ïà¨§®¢ ­­ë¥ â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­ë¥
®¯¥à æ¨¨ [�, \� ¨ n�:

A [� B = (A [B)�; A\� B = (A \B)�;

A n� B = (A nB)�;

§ ¬ª­ãâë ¢ ª« áá¥ ®¡ê¥ªâ®¢, á®áâ®ïé¥¬ ¨§ R2, f;g ¨
­ ¡®à®¢ ª®­¥ç­®£® ç¨á«  ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï
®¡« áâ¥©, £à ­¨æë ª®â®àëå ­¥ ¨¬¥îâ ®¡é¨å ¤ã£ [3].

�§«®¦¥­¨¥  «£®à¨â¬  à¥ «¨§ æ¨¨ â¥®à¥â¨ª®{
¬­®¦¥áâ¢¥­­ëå ®¯¥à æ¨© ­ ¤ â ª¨¬¨ ®¡ê¥ªâ ¬¨ ¬ë
¯à¥¤¢ à¨¬ ¯à®æ¥¤ãà®© ¯®áâà®¥­¨ï å à ªâ¥à¨áâ¨ç¥-
áª®© äã­ªæ¨¨ ®¤­®á¢ï§­®© ®¡« áâ¨ ¯® ¥¥ £à ­¨ç­®¬ã
¯à¥¤áâ ¢«¥­¨î.

2. ������������������

�������

�¨¦¥ ¨§« £ ¥¬ë©  «£®à¨â¬ ¯®áâà®¥­¨ï å à ªâ¥-
à¨áâ¨ç¥áª®© äã­ªæ¨¨ �(P ) ®¡« áâ¨ 
 á®áâ®¨â ¨§ ¯®-
áâà®¥­¨ï ®âà¥§ª  [P; P@]; ­¥ ¨¬¥îé¥£® ®¡é¨å â®ç¥ª á
¥¥ £à ­¨æ¥©, ªà®¬¥ P@ 2 @
; ¨ ¢ëç¨á«¥­¨ï ª®á¨­ãá 
ã£«  ¬¥¦¤ã ¢¥ªâ®à ¬¨ ¢­ãâà¥­­¥© ­®à¬ «¨ ¢ â®çª¥
P@ ¨ P � P@:

�ç¥¢¨¤­®, çâ® �(P ) = 1; ¥á«¨ áª «ïà­®¥ ¯à®-
¨§¢¥¤¥­¨¥ (~n; P � P@) ¯®«®¦¨â¥«ì­®. �®çª  P ¬®-
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¦¥â «¥¦ âì ­  ª á â¥«ì­®©: (~n; P �P@) = 0; ¥á«¨
(~n; 
(1)�P@ ) < 0: � ¯à®â¨¢­®¬ á«ãç ¥ �(P ) = 0:

�¨á. 1.

s z
P~n

P@


 2 @


s

s

b

b

�


(1)

�

�ãáâì

B(
) = h c = f
1; :::; 
ng; ! i

{ £à ­¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®¤­®á¢ï§­®© ­¥¯ãáâ®©
®¡« áâ¨ 
; £¤¥ ª ¦¤ ï ¤ã£  
 2 f
1; :::; 
ng § ¤ ­ 
¯ à ¬¥âà¨ç¥áª¨: 
(t) = (
x(t); 
y(t)); t 2 [0; 1] :


x(t) = a0 + a1t+ a2t
2 + a3t

3;


y(t) = b0 + b1t+ b2t
2 + b3t

3;

¨«¨:


x(t) = (1� t)3x0 + 3t(1� t)2x1 + 3t2(1� t)x2 + t3x3;


y(t) = (1� t)3y0 + 3t(1� t)2y1 + 3t2(1� t)y2 + t3y3:

�â®à®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤ã£¨ (ä®à¬  �¥§ì¥) ¡®«¥¥ ¨­-
ä®à¬ â¨¢­®: (x0; y0) { ­ ç «ì­ ï, (x3; y3) { ª®­¥ç­ ï
â®çª¨ ¤ã£¨,   ¢á¥ â®çª¨ ¤ã£¨ ¯à¨­ ¤«¥¦ â ¢ë¯ãª«®©
«¨­¥©­®© ®¡®«®çª¥ â®ç¥ª (x0; y0), (x1; y1), (x2; y2) ¨
(x3; y3):

�®¨áª ¯®¤å®¤ïé¥© â®çª¨ P@ 2 @
 ­ ç¨­ ¥âáï á
¢ë¡®à  ¯à®¡­®© â®çª¨, ­ ¯à¨¬¥à, P@ = 
1(0:5):

� â¥¬ ¢ æ¨ª«¥ ¯® ¢á¥¬ ¤ã£ ¬ ª®­âãà  c ¯à®¢¥àï-
¥âáï ¯¥à¥á¥ç¥­¨¥ ®âà¥§ª  [P; P@ ] á ®ç¥à¥¤­®© ¤ã£®©

(t): �«ï íâ®£® ­ å®¤¨¬ ¢¥é¥áâ¢¥­­ë¥ ª®à­¨ ¨§ ¨­-
â¥à¢ «  [0; 1] ªã¡¨ç¥áª®£® ãà ¢­¥­¨ï


x(t) � (P@)x
Py � (P@)y

�

y(t)� (P@)y
Px � (P@)x

= 0:

�á«¨ ª®à­¨ ftig áãé¥áâ¢ãîâ (¨å ¬®¦¥â ¡ëâì ­¥ ¡®-
«¥¥ ¤¢ãå, â ª ª ª ¤ã£  ¢ë¯ãª« ), â® ¯¥à¥®¯à¥¤¥«ï-
¥¬ ¯à®¡­ãî â®çªã P@ ­  ¡«¨¦ ©èãî ª â®çª¥ P ¨§
â®ç¥ª P@, f
(ti)g ¨ á®åà ­ï¥¬ ­®¬¥à ¤ã£¨, ª®â®à®©
íâ  ¯¥à¥®¯à¥¤¥«¥­­ ï ¯à®¡­ ï â®çª  ¯à¨­ ¤«¥¦¨â, ¨
§­ ç¥­¨¥ t@ : P@ = 
(t@).

� ¬¥ç ­¨¥ 2.1. �«ï ã¬¥­ìè¥­¨ï ®¡ê¥¬  ¢ëç¨á«¥-
­¨© à¥ª®¬¥­¤ã¥âáï ãáâ ­®¢¨âì ¯¥à¥á¥ª ¥â «¨ ®âà¥§®ª
[P; P@] ¢ë¯ãª«ãî «¨­¥©­ãî ®¡®«®çªã â®ç¥ª (x0; y0),
(x1; y1), (x2; y2) ¨ (x3; y3); á®¤¥à¦ éãî ¤ã£ã 
(t): �®
¬­®£¨å á«ãç ïå ®âà¥§®ª ¡ã¤¥â «¥¦ âì ¢­¥ ®¡®«®ç¥ª
ª®­âà®«ì­ëå â®ç¥ª ¤ã£ ¨, áâ «® ¡ëâì, ­¥ ­ã¦­® ¡ã-
¤¥â à¥è âì ªã¡¨ç¥áª¨¥ ãà ¢­¥­¨ï.

� ©¤¥­­ ï â®çª  P@ ç é¥ ¢á¥£® ¡ã¤¥â ¢­ãâà¥­­¥©
â®çª®© ¤ã£¨: t@ 2 (0; 1); ­® ¬®¦¥â á®¢¯ ¤ âì á ¥¥
ª®­æ¥¢®© â®çª®©: t@ = 0 _ t@ = 1:

�«ãç © t@ 2 (0; 1):
� íâ®¬ á«ãç ¥ ®¯à¥¤¥«¥­  ª á â¥«ì­ ï ª £à ­¨æ¥
®¡« áâ¨ ¢ â®çª¥ P@ = 
(t@) ¨ ¢¥ªâ®à ­®à¬ «¨ ¢ë-
ç¨á«ï¥âáï ¯® ä®à¬ã«¥

~n = (�
0y(t@); 

0
x(t@))=

q
j
0x(t@)j

2 + j
0y(t@)j
2:

�®à¬ «ì ¡ã¤¥â ¢­ãâà¥­­¥©, ¥á«¨ ¯à¨ ¤¢¨¦¥­¨¨ ¯®
ª®­âãàã ®¡« áâì ®áâ ¥âáï á«¥¢ , çâ® ¢® ¢á¥å ­ è¨å

 «£®à¨â¬ å ¯à¥¤¯®« £ ¥âáï.

�®£¤  ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

(P 2 
 ) � f [ (~n; P � P@) > 0 ]_

[ (~n; P � P@) = 0 ^ (~n; 
(1) � P@) < 0 ] g;

çâ® ¨ ®¯à¥¤¥«ï¥â å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î ®¡-
« áâ¨.

�«ãç © t@ = 0 _ t@ = 1:
� íâ®¬ á«ãç ¥ ª á â¥«ì­ ï ª £à ­¨æ¥ ®¡« áâ¨ ¢ â®çª¥
P@ = 
(t@ ) ¨ ¢¥ªâ®à ­®à¬ «¨ ¬®£ãâ ­¥ áãé¥áâ¢®¢ âì.
�§¢¥áâ­®, çâ® ¤«ï ª ¦¤®© ¤ã£¨ 
 ª®­âãà  c; ¢å®¤ï-
é¥© ¢ íâã â®çªã, á«¥¤ãîé ï ¤ã£  � ª®­âãà  ¢ëå®¤¨â
¨§ ­¥¥ ¨ íâ  ¯ à  ¤ã£ ¢ë¤¥«ï¥â ¢ ¬ «®© ¯àï¬®ã£®«ì-
­®© ®ªà¥áâ­®áâ¨ ®¡é¥© ¢¥àè¨­ë á¥ªâ®à, «¥¦ é¨© ¢
®¡« áâ¨ 
: � áâì £à ­¨æë ®ªà¥áâ­®áâ¨, á®¥¤¨­ïî-
é ï â®çªã ¯¥à¥á¥ç¥­¨ï á ­¥© ¢â®à®© ¤ã£¨ á â®çª®©
¯¥à¥á¥ç¥­¨ï £à ­¨æë á ¯¥à¢®© ¤ã£®© ¯à®â¨¢ ç á®¢®©
áâà¥«ª¨, «¥¦¨â ¢ ®¡« áâ¨ 
: �  à¨á.2 ¢ë¤¥«¥­ ¢ë-
è¥ã¯®¬ï­ãâë© á¥ªâ®à.

�(P ) = 1; ¥á«¨ ®âà¥§®ª [P@; P ] ¯¥à¥á¥ª ¥â ¢ë¤¥-
«¥­­ãî ç áâì £à ­¨æë ®ªà¥áâ­®áâ¨.

:

]


 


U
�




- P

:


P@

:



r

r

r

�¨á. 2.

�«¥¤®¢ â¥«ì­®, ¤«ï ®¯à¥¤¥«¥­¨ï ¯à¨­ ¤«¥¦­®-
áâ¨ â®çª¨ P ®¡« áâ¨ 
 ¢ íâ®¬ á«ãç ¥ ¤®áâ â®ç-
­® ¢ æ¨ª«¥ ¯® ¢á¥¬ ¤ã£ ¬ 
 ª®­âãà  c â ª¨¬, çâ®

(1) = P@; ®¡®§­ ç¨¢ ç¥à¥§ � ®ç¥à¥¤­ãî ¤ã£ã ª®­âã-
à , ¢ë¯®«­¨âì á«¥¤ãîé¨¥ ¤¥©áâ¢¨ï.

� �¯à¥¤¥«¨âì ®ªà¥áâ­®áâì ¢¥àè¨­ë P@; ¢¯¨á ¢
ª¢ ¤à â S ¢ ®ªàã¦­®áâì á æ¥­âà®¬ ¢ â®çª¥ P@
à ¤¨ãá 

r = minfj
(0)� P@j; j�(1)� P@j; jP � P@jg=2:
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� �ëç¨á«¨âì â®çª¨ ¯¥à¥á¥ç¥­¨ï S
 ¤ã£¨ 
 ¨ S�
¤ã£¨ � á £à ­¨æ¥© ª¢ ¤à â  S:

� �¯à¥¤¥«¨âì ç áâì £à ­¨æë S (­ ¡®à ®âà¥§ª®¢),
á®¥¤¨­ïîéãî â®çª¨ S� ¨ S
 á ®¡å®¤®¬ ¢®ªàã£
æ¥­âà  P@ ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.

� �à®¢¥à¨âì áãé¥áâ¢®¢ ­¨¥ â®çª¨ ¯¥à¥á¥ç¥­¨ï
®âà¥§ª  [P@; P ] á ¢ë¤¥«¥­­®© ç áâìî £à ­¨æë
ª¢ ¤à â  S:
�á«¨ â ª ï â®çª  áãé¥áâ¢ã¥â, â® ¯à¥à¢ âì
æ¨ª« ¯® ¤ã£ ¬, â ª ª ª �(P ) = 1:
�á«¨ â ª®© â®çª¨ ­¥ áãé¥áâ¢ã¥â, â® ¯à®¤®«-
¦¨âì æ¨ª« ¯® ¤ã£ ¬.

�á«¨ â®çª  P ­¥ ¯à¨­ ¤«¥¦¨â ­¨ ®¤­®¬ã ¨§ à áá¬®-
âà¥­­ëå ¢ æ¨ª«¥ á¥ªâ®à®¢, â® �(P ) = 0:

� ¬¥ç ­¨¥ 2.2. �ã£¨ 
, � ¨ ®âà¥§®ª [P@; P ] ¬®¦­®
§ ¬¥­¨âì ­  «ãç¨

L
 = fP@ + t �~k
 8 t > 0g; L� = fP@ + t �~k� 8 t > 0g;
LP = fP@ + t � (P � P@) 8 t > 0g;

£¤¥ ¢¥ªâ®à ~k
 { ®¡à â­ë© ª ­ ¯à ¢«ïîé¥¬ã ¢¥ªâ®àã
ª á â¥«ì­®© ª ¤ã£¥ 
;
~k� { ­ ¯à ¢«ïîé¨© ¢¥ªâ®à ª á â¥«ì­®© ª ¤ã£¥ � ¢
â®çª¥ P@:

�¨á. 3.

- L


?
L�

q �

�



P@




q

:P

q :P

q
LP

q P

�â¬¥â¨¬, çâ® ®âà¥§®ª (P@ ; P ] (á¬. à¨á.3) ­¥ ¬®¦¥â
«¥¦ âì ¢ á¥ªâ®à å, ®¡à §®¢ ­­ëå ¤ã£®© 
 ¨ «ãç®¬
L
 ; ¨ ¤ã£®© � ¨ «ãç®¬ L� ; â ª ª ª ®­ ­¥ ¨¬¥¥â ¯¥-
à¥á¥ç¥­¨© á íâ¨¬¨ ¤ã£ ¬¨. �à¨­ ¤«¥¦­®áâì ®âà¥§ª 
[P@; P ] á¥ªâ®àã, ®¡à §®¢ ­­®¬ã ¤ã£ ¬¨ 
 ¨ �; ®¯à¥-
¤¥«ï¥âáï ¯à¥¤¨ª â®¬

true � f [ (~n
 ; P � P@) > 0 ] _ [ (~n
 ; P � P@) = 0^

(~n
 ; 
(0)�P@) < 0 ] g

^ f [ (~n�; P � P@) > 0 ] _ [ (~n�; P � P@) = 0^

(~n� ; �(1)�P@) < 0 ] g;

çâ® ä ªâ¨ç¥áª¨ á®¢¯ ¤ ¥â á  ­ «¨§®¬ ¢ á«ãç ¥
t@ 2 (0; 1) ¨ ­¥ âà¥¡ã¥â à¥è¥­¨ï ãà ¢­¥­¨©.

� ¬¥ç ­¨¥ 2.3. �¯¨á ­­ë©  «£®à¨â¬ ¢ëç¨á«¥­¨ï
å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨ ¯à¨¬¥­¨¬ ª ª ¤«ï ¬­®-
£®á¢ï§­ëå ®¡« áâ¥©, â ª ¨ ¤«ï ®¯à¥¤¥«¥­­®£® ¢®
¢¢¥¤¥­¨¨ ª« áá  ®¡ê¥ªâ®¢. �® ¯®áª®«ìªã £à ­¨ç­®¥
¯à¥¤áâ ¢«¥­¨¥ ¬­®£®á¢ï§­®© ®¡« áâ¨ 
 ®¯à¥¤¥«ï¥â ¥¥

¢ ¢¨¤¥ ¯¥à¥á¥ç¥­¨ï ®¤­®á¢ï§­ëå ®¡« áâ¥© f
ig
n(
)

i=1 ;

â® �
(P ) = �
1
(P ) � ::: � �
n(
) (P ): �«¥¤®¢ â¥«ì­®,

�
(P ) = 0; ¥á«¨ â®çª  P ­¥ ¯à¨­ ¤«¥¦¨â ®¤­®© ¨§
®¡« áâ¥©: �
i(P ) = 0; ¨ ¢ íâ®¬ á«ãç ¥ ¢à¥¬ï à ¡®âë
 «£®à¨â¬  á®ªà é ¥âáï.

�¡ê¥ªâ A á®áâ®¨â ¨§ ®¡ê¥¤¨­¥­¨ï ­¥¯¥à¥á¥ª -
îé¨åáï ®¤­®á¢ï§­ëå ¨«¨ ¬­®£®á¢ï§­ëå ®¡« áâ¥©

f
ig
n(A)

i=1 ; ¥£® å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï à ¢­  «®-
£¨ç¥áª®© áã¬¬¥ å à ªâ¥à¨áâ¨ç¥áª¨å äã­ªæ¨© ®¡« -
áâ¥© 
i: �«¥¤®¢ â¥«ì­®, �A(P ) = 1; ¥á«¨ â®çª  P

¯à¨­ ¤«¥¦¨â ®¤­®© ¨§ ®¡« áâ¥©: �
i(P ) = 1; ¨ ¢ íâ®¬
á«ãç ¥ ¢à¥¬ï à ¡®âë  «£®à¨â¬  á®ªà é ¥âáï.

3. ���������� ���������{

�������������

��������

�ãáâì ­  ¯«®áª®áâ¨ R2 § ¤ ­ë ®¡ê¥ªâë

A =
n(A)

[
i=1



(A)

i ; B =
n(B)

[
j=1



(B)

j ;

á®áâ®ïé¨¥ ¨§ ª®­¥ç­®£® ç¨á«  ¯®¯ à­® ­¥¯¥à¥á¥ª î-
é¨åáï ®¤­®á¢ï§­ëå ¨«¨ ¬­®£®á¢ï§­ëå ®¡« áâ¥©, ª®­-
âãà­ë¥ £à ­¨ç­ë¥ ¯à¥¤áâ ¢«¥­¨ï ª®â®àëå ¨§¢¥áâ­ë:

B(

(A)

i ) = h fá
(A;i)

k ; !
(A;i)

k g
n(A;i)

k=1 ; !
(A)

i i;

á
(A;i)

k = h 

(A;i;k)

1 ; :::; 

(A;i;k)

n(A;i;k)
i;

i = 1; : : : ; n(A);

B(

(B)

j ) = h fc
(B;j)

l ; !
(B;j)

l g
n(B;j)

l=1 ; !
(B)

j i;

á
(B;j)

l = h 

(B;j;l)
1 ; :::; 


(B;j;l)

n(B;j;l)
i;

j = 1; : : : ; n(B):

(1)

� ¬ëª ­¨¥ à¥§ã«ìâ â  «î¡®© ¨§ à¥£ã«ïà¨§®¢ ­­ëå
â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­ëå ®¯¥à æ¨©:

C = A [� B; C = A \� B; C = A n� B;

á®¢¯ ¤ ¥â á ®¡ê¥¤¨­¥­¨¥¬ § ¬ëª ­¨© ­¥ª®â®à®£® ­ -
¡®à  ®¡« áâ¥© à §¡¨¥­¨ï ¯«®áª®áâ¨ ®¡ê¥¤¨­¥­¨¥¬
£à ­¨æ ®¡ê¥ªâ®¢ A ¨ B [3].

3.1 �¡ê¥¤¨­¥­¨¥ £à ­¨æ ®¡ê¥ªâ®¢

�  íâ®¬ íâ ¯¥ à¥ «¨§ æ¨¨  «£®à¨â¬  à¥£ã«ïà¨-
§®¢ ­­®© â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­®© ®¯¥à æ¨¨ ¤ã£¨
ª®­âãà®¢ ®¡ê¥ªâ®¢ A ¨ B ¤¥«ïâáï ­  ç áâ¨ â®çª ¬¨
¨å ¯®¯ à­®£® ¯¥à¥á¥ç¥­¨ï ¨ áâà®¨âáï £à ä ¨§ ¯®«ã-
ç¥­­ëå ¤ã£. � ª ª ª «î¡ë¥ ¤¢¥ ¤ã£¨ £à ­¨æë ®¤­®£®
¨§ ®¡ê¥ªâ®¢ ¬®£ãâ ¨¬¥âì ®¡é¨¬¨ â®«ìª® ª®­æ¥¢ë¥
â®çª¨, â® ¤«ï íâ®£® ¤®áâ â®ç­® ¢ëç¨á«¨âì â®çª¨ ¯¥-
à¥á¥ç¥­¨ï ¤ã£ £à ­¨æë ®¤­®£® ®¡ê¥ªâ  ¤ã£ ¬¨ £à -
­¨æë ¢â®à®£® ®¡ê¥ªâ . �ç¥¢¨¤­®, çâ® ¯à¨ íâ®¬ ª®-
«¨ç¥áâ¢® ª®­âãà®¢ ­¥ ¨§¬¥­¨âáï,   ç¨á«® ¤ã£ ¢ ª®­-
âãà å ¬®¦¥â ã¢¥«¨ç¨âìáï.
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�¡®§­ ç¨¬ ç¥à¥§ V (A;B) = fV
(A;B)

i g
n(V;A;B)

i=1 { ®¡-
é¥¥ ¬­®¦¥áâ¢® ¯®¯ à­® à §«¨ç­ëå ª®­æ¥¢ëå â®ç¥ª
¤ã£ ¨§ £à ­¨ç­ëå ¯à¥¤áâ ¢«¥­¨© ®¡ê¥ªâ®¢ A ¨ B:

� ¦¤®© ¢¥àè¨­¥ ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ­ ¡®à å -
à ªâ¥à¨áâ¨ª:

n(V
(A;B)

i ) { ª®«¨ç¥áâ¢® ¤ã£, ª®­æ¥¢®© â®çª®© ª®â®-
àëå íâ  ¢¥àè¨­  ï¢«ï¥âáï, ¨ ¤«ï ª ¦¤®© â ª®© ¤ã£¨
®¯à¥¤¥«¨¬ "¥¥  ¤à¥á":
A _ B { ¨§ £à ­¨æë ª ª®£® ®¡ê¥ªâ  ¤ã£ ,
n(
) { ­®¬¥à ®¡« áâ¨, ª®â®à®¬ã ®­  ¯à¨­ ¤«¥¦¨â,
n(c) { ­®¬¥à ª®­âãà , ª®â®à®¬ã ®­  ¯à¨­ ¤«¥¦¨â,
n(
) { ­®¬¥à ¤ã£¨ ¢ ª®­âãà¥.

�à ­¨ç­ë¥ ¯à¥¤áâ ¢«¥­¨ï (1) ¤®¯®«­¨¬ ¨­ä®à-
¬ æ¨¥© ¯® ª ¦¤®© ¤ã£¥:
n(
(0)) { ­®¬¥à ­ ç «ì­®© â®çª¨ ¤ã£¨,
n(
(1)) { ­®¬¥à ª®­¥ç­®© â®çª¨ ¤ã£¨.

�à£ ­¨§ã¥¬ æ¨ª« ¯® ¢á¥¬ ª®­âãà ¬ ®¡ê¥ªâ  A:

�­ãâà¨ ¥£® ®à£ ­¨§ã¥¬ æ¨ª« ¯® ¢á¥¬ ¤ã£ ¬ ®ç¥à¥¤-

­®£® ª®­âãà  c
(A;i)

k á ãç¥â®¬ â®£®, çâ® ª®«¨ç¥áâ¢®
¤ã£ n(A; i; k) ¬®¦¥â ã¢¥«¨ç¨âìáï. �ç¥à¥¤­ãî ¤ã£ã


 = 

(A;i;k)
q ¯®¯ëâ ¥¬áï à §¤¥«¨âì ­  ç áâ¨ â®çª -

¬¨ ¯¥à¥á¥ç¥­¨ï á £à ­¨æ¥© ®¡ê¥ªâ  B:
�«ï íâ®£® ®à£ ­¨§ã¥¬ æ¨ª« ¯® ¢á¥¬ ª®­âãà ¬

®¡ê¥ªâ  B: �­ãâà¨ ¥£® ®à£ ­¨§ã¥¬ æ¨ª« ¯® ¢á¥¬

¤ã£ ¬ ®ç¥à¥¤­®£® ª®­âãà  c
(B;j)

l á ãç¥â®¬ â®£®, çâ®
ª®«¨ç¥áâ¢® ¤ã£ n(B; j; l) ¬®¦¥â ã¢¥«¨ç¨âìáï. �ãáâì

� = 

(B;j;l)
p { ®ç¥à¥¤­ ï ¤ã£  ª®­âãà  c

(B;j)

l :

� ©¤¥¬ â®çª¨ ¯¥à¥á¥ç¥­¨ï ¤ã£ 
 ¨ � :

x(t) = �x(u); 
y(t) = �y(u)

¨«¨
a0 + a1t+ a2t

2 + a3t
3 = a00 + a01u+ a02u

2 + a03u
3;

b0 + b1t+ b2t
2 + b3t

3 = b00 + b01u+ b02u
2 + b03u

3:

�®£« á­® â¥®à¨¨ ¨áª«îç¥­¨ï ¯à¨ § ¤ ­­®¬ ¯ à ¬¥-
âà¥ u íâ  á¨áâ¥¬  ¨¬¥¥â à¥è¥­¨¥ ¢ â®¬ ¨ â®«ìª® â®¬
á«ãç ¥, ¥á«¨ ¥¥ à¥§ã«ìâ ­â à ¢¥­ ­ã«î. �à¨ a3 6= 0
¨ b3 6= 0; ¢¢®¤ï ®¡®§­ ç¥­¨ï

~a(u) = a0 � (a00 + a01u+ a02u
2 + a03u

3);

~b(u) = b0 � (b00 + b01u+ b02u
2 + b03u

3):

¯®«ãç ¥¬ ãà ¢­¥­¨¥

det

2
6666664

a3 a2 a1 ~a(u) 0 0
0 a3 a2 a1 ~a(u) 0
0 0 a3 a2 a1 ~a(u)

b3 b2 b1 ~b(u) 0 0

0 b3 b2 b1 ~b(u) 0

0 0 b3 b2 b1 ~b(u)

3
7777775
= 0; (2)

�¥¢ ï ç áâì ãà ¢­¥­¨ï (2) ï¢«ï¥âáï ¯®«¨­®¬®¬ ¤¥-
¢ïâ®© áâ¥¯¥­¨, ¢¥é¥áâ¢¥­­ë¥ ª®à­¨ fumg ª®â®à®£®
¬®¦­® ¢ëç¨á«¨âì, ­ ¯à¨¬¥à, ¬¥â®¤®¬ ¯ à ¡®« [5].
� â¥¬ ®¯à¥¤¥«¨âì á®®â¢¥âáâ¢ãîé¨¥ ¢¥é¥áâ¢¥­­ë¥
§­ ç¥­¨ï ftmg; à¥è¨¢ ªã¡¨ç¥áª¨¥ ãà ¢­¥­¨ï

a0 + a1t+ a2t
2 + a3t

3 + �x(um) = 0

¯® ä®à¬ã«¥ � à¤ ­®. �, ­ ª®­¥æ, ¢ë¤¥«¨âì ¬­®¦¥-
áâ¢® ¯ à ftm 2 [0; 1]; um 2 [0; 1]g:

�® ¬ë à¥ª®¬¥­¤ã¥¬ ¤«ï ®¯à¥¤¥«¥­¨ï â®ç¥ª ¯¥-
à¥á¥ç¥­¨ï ¬®­®â®­­ëå ¨ ¢ë¯ãª«ëå ¤ã£ 
 ¨ � ¨á-
¯®«ì§®¢ âì ¬®¤¨ä¨ª æ¨î ¬¥â®¤  �ìîâ®­ , ¨§«®¦¥­-
­ãî ¢ à ¡®â¥ [3]. �®{¯¥à¢ëå, ®­  ­¥ ¨á¯®«ì§ã¥â ª®¬-
¯«¥ªá­®©  à¨ä¬¥â¨ª¨ (¬¥â®¤ ¯ à ¡®« ¨á¯®«ì§ã¥â),
¢®{¢â®àëå, ­¥ ®¯à¥¤¥«ï¥â «¨è­¨å â®ç¥ª ¯¥à¥á¥ç¥­¨ï,
«¥¦ é¨å ­  ¯à®¤®«¦¥­¨ïå ¤ã£.

� ¬¥ç ­¨¥ 3.1. �ã£¨ 
 ¨ � ¬®£ãâ «¥¦ âì ­  ®¡é¥©
 «£¥¡à ¨ç¥áª®© ªà¨¢®© (ãà ¢­¥­¨¥ (2) ¢ë¯®«­ï¥âáï
¯à¨ «î¡®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  u). � íâ®¬ á«ãç ¥
¯®« £ ¥¬ u1 = 0; u2 = 1 ¨ ®¯à¥¤¥«ï¥¬ ti 2 R :

x(ti) = �x(ui); i = 1; 2; t3 = 0; t4 = 1 ¨ ®¯à¥¤¥«ï¥¬
ui 2 R : �x(ui) = 
x(ti); i = 3; 4: � § â¥¬ ¨§ ­¨å
¢ë¤¥«ï¥¬ ¬­®¦¥áâ¢® ¯ à ftm 2 [0; 1]; um 2 [0; 1]g:

�á«¨ â®çª¨ ¯¥à¥á¥ç¥­¨ï ¤ã£ 
 = 

(A;i;k)
q ¨ � = 


(B;j;l)
p

áãé¥áâ¢ãîâ ¨ ¬ë ¨å ­ è«¨:


(tm) = �(um); tm; um 2 [0; 1]; m = 1; :::; n(
; �);

â® ¢ë¯®«­ï¥¬ á«¥¤ãîé¨¥ ¤¥©áâ¢¨ï.

� �­®¦¥áâ¢® ¢¥àè¨­ V (A;B) ¯®¯®«­ï¥¬ ã§« ¬¨
0:5 � [
(tm) + �(um)]; ¥á«¨ tm; um 2 (0; 1):

� �ã£ã 

(A;i;k)
q ª®­âãà  c

(A;i)

k § ¬¥­ï¥¬ ­  ¯®¤¤ã-
£¨, ¯®«ãç¥­­ë¥ ¢ à¥§ã«ìâ â¥ ¥¥ à §¡¨¥­¨ï â®ç-
ª ¬¨ ftm 2 (0; 1)g; ¨ ¢­®á¨¬ á®®â¢¥âáâ¢ãîé¨¥
¨§¬¥­¥­¨ï ¢ ¬ áá¨¢ë å à ªâ¥à¨áâ¨ª ¢¥àè¨­

V (A;B) ¨ ¤ã£ ª®­âãà  c
(A;i)

k :

� �ã£ã 

(B;j;l)
p ª®­âãà  c

(B;j)

l § ¬¥­ï¥¬ ­  ¯®¤¤ã-
£¨, ¯®«ãç¥­­ë¥ ¢ à¥§ã«ìâ â¥ ¥¥ à §¡¨¥­¨ï â®ç-
ª ¬¨ fum 2 (0; 1)g; ¨ ¢­®á¨¬ á®®â¢¥âáâ¢ãîé¨¥
¨§¬¥­¥­¨ï ¢ ¬ áá¨¢ë å à ªâ¥à¨áâ¨ª ¢¥àè¨­

V (A;B) ¨ ¤ã£ ª®­âãà  c
(B;j)

l :

� ¬¥ç ­¨¥ 3.2. �®çª  ¯¥à¥á¥ç¥­¨ï ¤ã£ ¢ëç¨á«ï¥â-
áï ¯à¨¡«¨¦¥­­®, â.¥. 
(tm) � �(um); á«¥¤®¢ â¥«ì­®
¥¥ § ¬¥­  ­  ¯®«ãáã¬¬ã ¯à¨¡«¨¦¥­¨© ­¥¬­®£® ¨§¬¥-
­ï¥â £à ­¨æë ®¡ê¥ªâ®¢.

3.2 � §¡¨¥­¨¥ ¯«®áª®áâ¨

�¡®§­ ç¨¬ ç¥à¥§ � ¬­®¦¥áâ¢® ¯®¯ à­® à §«¨ç-
­ëå ¬®¤¨ä¨æ¨à®¢ ­­ëå £à ­¨ç­ëå ¤ã£ ®¡ê¥ªâ®¢ A

¨ B á ãª § ­¨¥¬ ­®¬¥à®¢ ¨å ­ ç «ì­ëå ¨ ª®­¥ç­ëå
â®ç¥ª ª ª í«¥¬¥­â®¢ ¬ áá¨¢  ¢¥àè¨­ V = V (A;B);

¤«ï ª ¦¤®© ¢¥àè¨­ë ª®â®à®£® ¨§¢¥áâ­ë ­®¬¥à  ¤ã£
¨§ �; ª®­æ¥¢®© â®çª®© ª®â®àëå íâ  ¢¥àè¨­  ï¢«ï¥â-
áï. �à®¬¥ â®£®, ¡ã¤¥¬ áç¨â âì, çâ® ¢á¥ ¤ã£¨ á ª®­-
æ¥¢®© â®çª®© v 2 V æ¨ª«¨ç¥áª¨ ã¯®àï¤®ç¥­ë ¢ á®®â-
¢¥âáâ¢¨¨ á ®¡å®¤®¬ £à ­¨æë ®ªà¥áâ­®áâ¨ (â®ç¥ª ¥¥
¯¥à¥á¥ç¥­¨ï á ¤ã£ ¬¨) ¢¥àè¨­ë ¯® ç á®¢®© áâà¥«ª¥
(á¬. à¨á.4).
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�« ­ à­ë© £à ä G = (V;�) à §¤¥«ï¥â ¯«®áª®áâì
­  ª®­¥ç­®¥ ç¨á«® ­¥¯¥à¥á¥ª îé¨åáï á¢ï§­ëå ®¡« -

áâ¥© f
ig
n(�)

i=1 ; ®¤­  ¨ â®«ìª® ®¤­  ¨§ ª®â®àëå ­¥®£à -
­¨ç¥­ ,   ª ¦¤ ï ¤ã£  ï¢«ï¥âáï ç áâìî £à ­¨æ ¤¢ãå
¨ â®«ìª® ¤¢ãå ®¡« áâ¥©.

s


1


4


2


3

v
r

r

r

r-

�¨á. 4.

�§¢¥áâ­® [3], çâ® á¢ï§­ë© £à ä à §¡¨¢ ¥â ¯«®áª®áâì

­  ®¤­®á¢ï§­ë¥ ®¡« áâ¨. �ãáâì fGt = (Vt;�t)g
n(G)
t=1

{ ¢á¥ ¬ ªá¨¬ «ì­ë¥ á¢ï§­ë¥ ¯®¤£à äë £à ä  G: �®-

áâà®¨¬ à §¡¨¥­¨ï ¯«®áª®áâ¨ f

(t)

i g
n(�t)

i=1 ­ ¡®à ¬¨ ¤ã£
�t; t = 1; :::; n(G):

�«ï íâ®£® ª ¦¤®© ¢¥àè¨­¥ ¨§ V ¯®áâ ¢¨¬ ¢ á®-
®â¢¥âáâ¢¨¥ ­®¬¥à ¯®¤£à ä , ª®â®à®¬ã ®­  ¯à¨­ ¤«¥-
¦¨â, á ­ ç «ì­ë¬ ­ã«¥¢ë¬ §­ ç¥­¨¥¬. � ¦¤®© ¤ã£¥
¨§ � ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ­®¬¥à  ¤¢ãå ª®­âã-

à®¢: c
(t)

i ; c
(t)

j ; ®£à ­¨ç¨¢ îé¨å ¤¢¥ ®¡« áâ¨ à §¡¨¥-

­¨ï ¯«®áª®áâ¨: 

(t)

i ; 

(t)

j ; ¨ ¯à¨§­ ª¨ �1; ¯®ª §ë¢ î-
é¨¥ á ª ª¨¬ ­ ¯à ¢«¥­¨¥¬ ¤ã£  ¢å®¤¨â ¢ ª®­âãà, á
­ ç «ì­ë¬¨ ­ã«¥¢ë¬¨ §­ ç¥­¨ï¬¨.

�®áâà®¥­¨¥ à §¡¨¥­¨ï ¯«®áª®áâ¨ ®ç¥à¥¤­ë¬ ¬ ª-
á¨¬ «ì­® á¢ï§­ë¬ ¯®¤£à ä®¬ Gt ­ ç¨­ ¥âáï á ¢ë¡®-
à  «î¡®© ¢¥àè¨­ë ¨§ V; ã ª®â®à®© ­ã«¥¢®¥ §­ ç¥­¨¥
­®¬¥à  ¯®¤£à ä . �ë¡à ­­ ï ¢¥àè¨­  v ¯à¨¯¨áë¢ -
¥âáï t{®¬ã ¯®¤£à äã.

� ç «ì­®© ¤ã£®© ¯¥à¢®£® ª®­âãà  c
(t)

1 ®¡êï¢«ï¥¬
«î¡ãî ¤ã£ã á ¢¥àè¨­®© v ¨ ¯à®¨§¢®«ì­® ¢ë¡¨à ¥¬
¥¥ ®à¨¥­â æ¨î. �®­æ¥¢®© ¢¥àè¨­¥ (¢ á®®â¢¥âáâ¢¨¨
á ®à¨¥­â æ¨¥©) â¥ªãé¥© ¤ã£¨ ª®­âãà  ¯à¨¯¨áë¢ ¥¬
­®¬¥à t{®£® ¯®¤£à ä  ¨ ¯à®¤®«¦¥­¨¥¬ ª®­âãà  ï¢«ï-
¥âáï ¤ã£ , á«¥¤ãîé ï §  â¥ªãé¥© ¢ æ¨ª«¨ç¥áª®© ¯®-
á«¥¤®¢ â¥«ì­®áâ¨ ¤ã£ ª®­æ¥¢®© ¢¥àè¨­ë. �à¨¥­â -
æ¨ï ®ç¥à¥¤­®© ¤ã£¨ «¥£ª® § ¤ ¥âáï: ª®­¥æ â¥ªãé¥©
¤ã£¨ ï¢«ï¥âáï ¥¥ ­ ç «®¬. �à¨â¥à¨© ®ª®­ç ­¨ï ¯®-
áâà®¥­¨ï ª®­âãà  ®ç¥¢¨¤¥­: ®ç¥à¥¤­ ï ¤ã£  ¥¬ã ¯à¨-
­ ¤«¥¦¨â.

�®áâà®¥­¨¥ á«¥¤ãîé¥£® ª®­âãà  ®â«¨ç ¥âáï ®â
¢ëè¥®¯¨á ­­®© ¯à®æ¥¤ãàë â®«ìª® ¢ë¡®à®¬ ­ ç «ì-
­®© ¤ã£¨: ¢ ª ç¥áâ¢¥ ¥¥ ¡¥à¥¬ «î¡ãî ¨§ ¤ã£ à ­¥¥ ¯®-
áâà®¥­­ëå ª®­âãà®¢, ¥á«¨ ®­  ¢å®¤¨â ¢ á®áâ ¢ â®«ìª®
®¤­®£® ª®­âãà . � ç «ì­®© ¤ã£¥ ¯à¨¯¨áë¢ ¥¬ ®à¨¥­-
â æ¨î ¯à®â¨¢®¯®«®¦­ãî ®à¨¥­â æ¨¨, á ª®â®à®© ®­ 
¢å®¤¨â ¢ á®áâ ¢ ¯®áâà®¥­­®£® ª®­âãà . �á«¨ â ª®©

¤ã£¨ ­¥ áãé¥áâ¢ã¥â, â® ¢á¥ ª®­âãàë fc
(t)

i g
n(�t)

i=1 ®¡« -
áâ¥© à §¡¨¥­¨ï ¯«®áª®áâ¨ ¯®¤£à ä®¬ Gt ¯®áâà®¥­ë.

�«ï § ¤ ­¨ï ®¡« áâ¥© f

(t)

i g
n(�t)

i=1 ®áâ «®áì ®¯à¥-

¤¥«¨âì ¯à¨§­ ª¨ ¨å ®£à ­¨ç¥­­®áâ¨ !i = (1 2 

(t)

i ):
�«ï íâ®£® ¤®áâ â®ç­® ®¯à¥¤¥«¨âì ­®¬¥à ª®­âãà  ­¥-
®£à ­¨ç¥­­®© ®¡« áâ¨ (®­  ®¤­ ). � ©¤¥¬ ¢¥àè¨-
­ã P@ 2 Vt á ¬ ªá¨¬ «ì­®©  ¡áæ¨áá®©. �®çª  P =
P@ + (1; 0) «¥¦¨â ¢ ­¥®£à ­¨ç¥­­®© ®¡« áâ¨. �­ ç¨â
®áâ «®áì ®¯à¥¤¥«¨âì â®â ª®­âãà, ¬¥¦¤ã ¤ã£ ¬¨ ª®-
â®à®£® «¥¦¨â ®âà¥§®ª [P@; P ] (á¬. à¨á.2).

�¥¯¥àì ¯®áâà®¨¬ à §¡¨¥­¨¥ ¯«®áª®áâ¨ ¢á¥¬ á¥-

¬¥©áâ¢®¬ ¤ã£ �: �ãáâì fO
(1)

i g
n(�1)

i=1 = f

(1)

i g
n(�1)

i=1 :

�á¥ ¢¥àè¨­ë �2 «¥¦ â ¢ ®¤­®© ¨§ ®¡« áâ¥©

fO
(1)

i g: � ©¤¥¬ ¥¥ ­®¬¥à m ¨§ ãá«®¢¨ï �
O
(1)
m

(v) = 1;

£¤¥ v { ®¤­  ¨§ ¢¥àè¨­ �2: �®£¤  à §¡¨¥­¨¥ ¯«®áª®-

áâ¨ fO
(2)

i g
n(�1)+n(�2)�1

i=1 á¥¬¥©áâ¢®¬ ¤ã£ �1[�2 á®áâ®-
¨â
{ ¨§ ¢á¥å ®¡« áâ¥© fO

(1)

i g
n(�1)

i=1;i6=m;

{ ®¡« áâ¨ O
(1)
m \


(2)

i1
; £¤¥ i1 : 1 2 


(2)

i1
;

¯à¨§­ ª ®£à ­¨ç¥­­®áâ¨ íâ®© ®¡« áâ¨ á®¢¯ ¤ ¥â á

¯à¨§­ ª®¬ ®£à ­¨ç¥­­®áâ¨ O
(1)
m ; ­ ¡®à ¥¥ ª®­âãà®¢

c ¯à¨§­ ª ¬¨ ®£à ­¨ç¥­­®áâ¨ á®áâ®¨â ¨§ ª®­âãà®¢

á ¯à¨§­ ª ¬¨ ®£à ­¨ç¥­­®áâ¨ ®¡« áâ¥© O
(1)
m ¨ 


(2)

i1
;

{ ¨§ ¢á¥å ®¡« áâ¥© f

(2)

i g
n(�2)

i=1;i6=i1
:

�®¢â®àïï íâã ¯à®æ¥¤ãàã ¤«ï ¢á¥å ®áâ ¢è¨åáï à §¡¨-

¥­¨© ¯«®áª®áâ¨ f

(t)

i g
n(�t)

i=1 ; t = 3; :::; n(G); ¯®«ãç¨¬
à §¡¨¥­¨¥ ¯«®áª®áâ¨

f
ig
n(�)

i=1 = fO
(n(G))

i g
n(�1)+:::+n(�n(G))�n(G)+1

i=1

¤ã£ ¬¨ �.

3.3 �®áâà®¥­¨¥ ®¡ê¥ªâ  C

�ë¤¥«¨¬ ¨§ f
ig
n(�)

i=1 ¢á¥ ®¡« áâ¨, «¥¦ é¨¥ ¢ à¥-
§ã«ìâ¨àãîé¥¬ ¬­®¦¥áâ¢¥ C â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­-
­®© ®¯¥à æ¨¨ (®¡ê¥¤¨­¥­¨¥ ¨å § ¬ëª ­¨© á®¢¯ ¤ ¥â
á § ¬ëª ­¨¥¬ ¬­®¦¥áâ¢ C). �«ï íâ®£® á­ ç «  ®¯à¥-
¤¥«¨¬ ¯à¨­ ¤«¥¦­®áâì ª ¦¤®© ®¡« áâ¨ 
i ®¡ê¥ªâ ¬
A ¨ B : �(
i; A) = (
i � A), �(
i; B) = (
i � B);
¨ ¥¥ ¯à¨­ ¤«¥¦­®áâì ®¡ê¥ªâãC ¢ § ¢¨á¨¬®áâ¨ ®â â¨-
¯  à¥£ã«ïà¨§®¢ ­­®© â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­®© ®¯¥-
à æ¨¨:

�(
i; C) = �(
i; A[B) = (�(
i; A)_ �(
i; B)),

�(
i; C) = �(
i; A\B) = (�(
i; A)^ �(
i; B)),

�(
i; C) = �(
i; A nB) = (�(
i; A) ^:�(
i; B)).

�«ï ®¯à¥¤¥«¥­¨ï ¢ª«îç¥­¨ï ®¡« áâ¨ 
i ¢ ®¡ê¥ªâ
A (¨«¨ B) ¤®áâ â®ç­® ¯à®¢¥à¨âì ¯à¨­ ¤«¥¦­®áâì
®¡ê¥ªâã â®«ìª® ®¤­®© («î¡®©) â®çª¨ ®¡« áâ¨. � ª ç¥-
áâ¢¥ ª®­âà®«ì­®© â®çª¨ ¬®¦­® ¢§ïâì â®çªã £à ­¨ç-
­®© ¤ã£¨ ®¡« áâ¨ 
i, ¥á«¨ íâ  ¤ã£  ­¥ ¯à¨­ ¤«¥¦¨â
£à ­¨æ¥ ®¡ê¥ªâ . �®, ¥á«¨ £à ­¨ç­ ï ¤ã£  ®¡« áâ¨

i ¯à¨­ ¤«¥¦¨â £à ­¨æ¥ ®¡ê¥ªâ , â® á®¢¯ ¤¥­¨¥ ¨å
®à¨¥­â æ¨© ¡ã¤¥â ®§­ ç âì ¯à¨­ ¤«¥¦­®áâì ®¡« áâ¨
®¡ê¥ªâã,   ­¥á®¢¯ ¤¥­¨¥ ¨å ®à¨¥­â æ¨© ¡ã¤¥â ®§­ -
ç âì ¯à¨­ ¤«¥¦­®áâì ®¡« áâ¨ ¤®¯®«­¥­¨î ®¡ê¥ªâ 
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¤® ¯«®áª®áâ¨.
�¡®§­ ç¨¬ ç¥à¥§ I { ¬­®¦¥áâ¢® ­®¬¥à®¢ ¢á¥å

®¡« áâ¥© 
i � C, â.¥. C = [i2I
i. �ç¥¢¨¤­®, çâ®

C = f;g; ¥á«¨ I = f;g;

C = R2; ¥á«¨ �(
i; C) = true 8 i = 1; :::; n(�):
�«ï § ¢¥àè¥­¨ï â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­®© ®¯¥-

à æ¨¨ ®áâ «®áì ®¡ê¥¤¨­¨âì ª ¦¤ãî ¯ àã ®¡« áâ¥©
¨§ f
igi2I ; ¨¬¥îé¨å ®¡é¨¥ ãç áâª¨ £à ­¨æ.

�ãáâì ®¡« áâ¨ 
i ¨ 
j , i; j 2 I; á £à ­¨ç­ë¬¨
¯à¥¤áâ ¢«¥­¨ï¬¨

B(
i) = h fá
(i)

k ; !
(i)

k g
n(i)

k=1; !i i;

á
(i)

k = h 

(i;k)

1 ; :::; 

(i;k)

n(i;k)
i;

B(
j) = h fc
(j)

l ; !
(j)

l g
n(j)

l=1 ; !j i;

á
(j)

l = h 

(j;l)
1 ; :::; 


(j;l)

n(j;l)
i;

¨¬¥îâ ®¡é¨¥ £à ­¨ç­ë¥ ¤ã£¨ (¥áâ¥áâ¢¥­­® á à §«¨ç-
­®© ®à¨¥­â æ¨¥©). � ¬¥â¨¬, çâ® ¢á¥ ®¡é¨¥ ¤ã£¨ ¯à¨-

­ ¤«¥¦ â ®¤­®¬ã ª®­âãàã á
(i)

k ®¡« áâ¨ 
i ¨ ®¤­®¬ã

ª®­âãàã á
(j)

l ®¡« áâ¨ 
j :

�¤­  ¨§ ®¡« áâ¥© íâ®© ¯ àë ¢á¥£¤  ®£à ­¨ç¥­ .
�«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® ®£à ­¨ç¥­ 
®¡« áâì 
j: �  à¨á.5. ¨ à¨á.7. ¯à¨¢¥¤¥­ë ¯à¨¬¥àë
¤¢ãå ®£à ­¨ç¥­­ëå ®¡« áâ¥© á ®¡é¨¬¨ ãç áâª ¬¨
£à ­¨æ 
 ¨ �:

�¨á. 5.


i

-

6

�

?


j
?

- -

6?
�

6


 �

�¨á. 6.

( 
i [
j)
�

-

6

�

?

?
- -

6?
�

6

�«ãç © !i = false ^ !j = false ^

^ !
(i)

k = false ^ !
(j)

l = false;

â.¥. ®£à ­¨ç¥­­ë¥ ®¡« áâ¨ á®¢¯ ¤ îâ ¯® ãç áâª ¬
ª®­âãà®¢ { £à ­¨æ ®£à ­¨ç¥­­ëå ®¤­®á¢ï§­ëå ®¡« -

áâ¥©: 

(i)

k ¨ 

(j)

l ; ¨§ ¯à¥¤áâ ¢«¥­¨©


i =
n(i)

\
m=1



(i)
m ; 
j =

n(j)

\
m=1



(j)
m :

�¬¥­­® íâ®â á«ãç © ¨§®¡à ¦¥­ ­  à¨á.5. �¥§ã«ìâ â
à¥£ã«ïà¨§®¢ ­­®£® ®¡ê¥¤¨­¥­¨ï ®¡« áâ¥© ¯à¨¢¥¤¥­
­  à¨á.6.

�à ­¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®£à ­¨ç¥­­®© ®¡« áâ¨

i;j = (
i [
j)

� á®áâ®¨â ¨§ ¢á¥å ª®­âãà®¢ ®¡« áâ¥©


i ¨ 
j ; ªà®¬¥ ª®­âãà®¢ á
(i)

k ¨ á
(j)

l :

fá
(i)
m ; !

(i)
m g

n(i)

m=1; m6=k; ¨ fá
(j)
m ; !

(j)
m g

n(j)

m=1; m6=l;

¨ ­ ¡®à  ª®­âãà®¢, ¯®«ãç ¥¬ëå ¢ à¥§ã«ìâ â¥ ®¡à -

¡®âª¨ ª®­âãà®¢ á
(i)

k ¨ á
(j)

l ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã.

�¡®§­ ç¨¬ ç¥à¥§ � ¬­®¦¥áâ¢® ¢á¥å ®à¨¥­â¨à®-

¢ ­­ëå ¤ã£ ª®­âãà®¢ á
(i)

k ¨ á
(j)

l §  ¨áª«îç¥­¨¥¬ ¨å
®¡é¨å ¤ã£ (á à §­ë¬¨ ®à¨¥­â æ¨ï¬¨),   ç¥à¥§ V ¬­®-
¦¥áâ¢® ¯®¯ à­® à §«¨ç­ëå ¢¥àè¨­ ¤ã£ ¨§ �: �à®¬¥
â®£®, ¡ã¤¥¬ áç¨â âì, çâ® ¢á¥ ¤ã£¨ á ª®­æ¥¢®© â®çª®©
v 2 V æ¨ª«¨ç¥áª¨ ã¯®àï¤®ç¥­ë ¢ á®®â¢¥âáâ¢¨¨ á ®¡-
å®¤®¬ £à ­¨æë ®ªà¥áâ­®áâ¨ (â®ç¥ª ¥¥ ¯¥à¥á¥ç¥­¨ï á
¤ã£ ¬¨) ¢¥àè¨­ë ¯® ç á®¢®© áâà¥«ª¥ (á¬. à¨á.4).

�à¨¥­â¨à®¢ ­­ë© £à ä G = (V;�) à á¯ ¤ ¥â-
áï ­  ¬ ªá¨¬ «ì­ë¥ á¢ï§­ë¥ ª®¬¯®­¥­âë (®¤­ã ¨«¨

¡®«ìè¥) fGt = (Vt;�t)g
n(G)

t=1 :

� ¦¤ë© ®à¨¥­â¨à®¢ ­­ë© ¯®¤£à ä Gt á®áâ®¨â

¨§ ¢á¥å ¤ã£ ®¤­®£® ¨§ ¨áª®¬ëå ª®­âãà®¢: á
(i;j)
t : � -

ç «ì­®© ¤ã£®© á
(i;j)
t ®¡êï¢«ï¥¬ «î¡ãî ¤ã£ã ¨§ �t:

�à®¤®«¦¥­¨¥¬ ª®­âãà  ï¢«ï¥âáï ¤ã£ , á«¥¤ãîé ï § 
â¥ªãé¥© ¢ æ¨ª«¨ç¥áª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¤ã£ ª®­-
æ¥¢®© ¢¥àè¨­ë â¥ªãé¥© ¤ã£¨. �à¨â¥à¨© ®ª®­ç ­¨ï
¯®áâà®¥­¨ï ª®­âãà  ®ç¥¢¨¤¥­: ®ç¥à¥¤­ ï ¤ã£  ¥¬ã
¯à¨­ ¤«¥¦¨â.

�á¥ ¯®áâà®¥­­ë¥ ª®­âãàë fá
(i;j)
t g

n(G)

t=1 ; ªà®¬¥ ®¤-
­®£®, ï¢«ïîâáï ®à¨¥­â¨à®¢ ­­ë¬¨ ª®­âãà ¬¨ ­¥-
®£à ­¨ç¥­­ëå ®¡« áâ¥©. �«¥¤®¢ â¥«ì­®, ¤«ï § ¢¥à-
è¥­¨ï ¯®áâà®¥­¨ï £à ­¨ç­®£® ¯à¥¤áâ ¢«¥­¨ï ®¡« -
áâ¨ 
i;j = (
i[
j)

� ®áâ «®áì ®¯à¥¤¥«¨âì ¥¤¨­áâ¢¥­-
­ë© ª®­âãà { £à ­¨æã ®£à ­¨ç¥­­®© ®¡« áâ¨. � ©-
¤¥¬ ¢¥àè¨­ã vmax 2 V á ¬ ªá¨¬ «ì­®©  ¡áæ¨áá®©.
�®­âãà, á®¤¥à¦ é¨© íâã ¢¥àè¨­ã, ï¢«ï¥âáï ¨áª®-
¬ë¬.

�«ãç © !i = false ^ !j = false ^

^ !
(i)

k = true ^ !
(j)

l = false;

â.¥. ®£à ­¨ç¥­­ë¥ ®¡« áâ¨ á®¢¯ ¤ îâ ¯® ãç áâª ¬
ª®­âãà®¢ { £à ­¨æë ­¥®£à ­¨ç¥­­®© ®¤­®á¢ï§­®© ®¡{

« áâ¨ 

(i)

k ¨ £à ­¨æë ®£à ­¨ç¥­­®© ®¤­®á¢ï§­®© ®¡{

« áâ¨ 

(j)

l ; ¨§ ¯à¥¤áâ ¢«¥­¨©


i =
n(i)

\
m=1



(i)
m ; 
j =

n(j)

\
m=1



(j)
m :

�¬¥­­® íâ®â á«ãç © ¨§®¡à ¦¥­ ­  à¨á.7. �¥§ã«ìâ â
à¥£ã«ïà¨§®¢ ­­®£® ®¡ê¥¤¨­¥­¨ï ®¡« áâ¥© ¯à¨¢¥¤¥­
­  à¨á.8.

�­ «¨§ íâ®£® á«ãç ï ¯®«­®áâìî á®¢¯ ¤ ¥â á  ­ -
«¨§®¬ ¯à¥¤ë¤ãé¥£® á«ãç ï §  ¨áª«îç¥­¨¥¬ â®£®
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ä ªâ , çâ® ¢á¥ ª®­âãàë fá
(i;j)
t g

n(G)

t=1 ï¢«ïîâáï £à ­¨-
æ ¬¨ ­¥®£à ­¨ç¥­­ëå ®¤­®á¢ï§­ëå ®¡« áâ¥©.

�¨á. 7.

- -

6

��

?

--

��

?
6
i 
i




�

�

-

O

W

j

�¨á. 8.

- -

6

��

?

--

��

?
6

( 
i [ 
j)
�

( 
i [
j)
�

O

W

�«ãç © !i = true ^ !j = false ^

^ !
(i)

k = true ^ !
(j)

l = false;

â.¥. ­¥®£à ­¨ç¥­­ ï ®¡« áâì 
i ¨ ®£à ­¨ç¥­­ ï ®¡{
« áâì 
j á®¢¯ ¤ îâ ¯® ãç áâª ¬ ª®­âãà®¢ { £à ­¨æë

­¥®£à ­¨ç¥­­®© ®¤­®á¢ï§­®© ®¡« áâ¨ 

(i)

k ¨ £à ­¨æë

®£à ­¨ç¥­­®© ®¤­®á¢ï§­®© ®¡« áâ¨ 

(j)

l ; ¨§ ¯à¥¤áâ -
¢«¥­¨©


i =
n(i)

\
m=1



(i)
m ; 
j =

n(j)

\
m=1



(j)
m :

�à¨¬¥à â ª®£® á«ãç ï ¨§®¡à ¦¥­ ­  à¨á.9. �¥§ã«ì-
â â à¥£ã«ïà¨§®¢ ­­®£® ®¡ê¥¤¨­¥­¨ï ®¡« áâ¥© ¯à¨¢¥-
¤¥­ ­  à¨á.10.

�­ «¨§ íâ®£® á«ãç ï ¯®«­®áâìî á®¢¯ ¤ ¥â á  ­ -
«¨§®¬ ¯à¥¤ë¤ãé¥£® á«ãç ï §  ¨áª«îç¥­¨¥¬ â®£®
ä ªâ , çâ® 
i;j = (
i [ 
j)

� { ­¥®£à ­¨ç¥­­ ï
®¡« áâì.

�àã£¨å á«ãç ¥¢ ­¥â.

� ¬¥­¨¬ ¢® ¬­®¦¥áâ¢¥ ®¡« áâ¥© f
mgm2I à á-
á¬®âà¥­­ãî ®¡« áâì 
i ­  ¯®áâà®¥­­®¥ à¥£ã«ïà¨§®-
¢ ­­®¥ ®¡ê¥¤¨­¥­¨¥ 
i;j = (
i [ 
j)

�;   ®¡« áâì 
j

¨§ ¬­®¦¥áâ¢  ®¡« áâ¥© f
mgm2I ¨áª«îç¨¬. �®«ã-
ç¥­­®¥ ¬­®¦¥áâ¢® ®¡« áâ¥© (¨ ¨å £à ­¨ç­ëå ¯à¥¤-
áâ ¢«¥­¨©) á­®¢  ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ f
mgm2I :

�à®æ¥áá ¯®á«¥¤®¢ â¥«ì­®© ¬®¤¨ä¨ª æ¨¨ ¬­®¦¥-
áâ¢  f
mgm2I ¡ã¤¥¬ ¯à®¤®«¦ âì ¤® â¥å ¯®à, ¯®ª  ¢
­¥¬ ¡ã¤¥â áãé¥áâ¢®¢ âì å®âï ¡ë ®¤­  ¯ à  ®¡« áâ¥©

á ®¡é¨¬¨ £à ­¨ç­ë¬¨ ¤ã£ ¬¨.

�¨á. 9.

--

��

?
6
i 
i




�

�

-

O

W

j

�¨á. 10.

--

��

?
6

( 
i [
j)
�

( 
i [
j)
�

O

W

�® ®ª®­ç ­¨¨ íâ®£® ¯à®æ¥áá  á®¢®ªã¯­®áâì £à -
­¨ç­ëå ¯à¥¤áâ ¢«¥­¨© ®¡« áâ¥© f
mgm2I ¨ ¥áâì
£à ­¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®¡ê¥ªâ  C; ª ª à¥§ã«ìâ -
â  â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­®© ®¯¥à æ¨¨ á ®¡ê¥ªâ ¬¨
A ¨ B:

� ¬¥ç ­¨¥ 3.3. (® à¥£ã«ïà¨§®¢ ­­®¬ ¤®¯®«­¥­¨¨)
�ãáâì ­  ¯«®áª®áâ¨ R2 § ¤ ­ë ®¡ê¥ªâ

B =
n(B)

[
i=1



(B)

i ;

á®áâ®ïé¨© ¨§ ª®­¥ç­®£® ç¨á«  ¯®¯ à­® ­¥¯¥à¥á¥ª î-
é¨åáï ®¤­®á¢ï§­ëå ¨«¨ ¬­®£®á¢ï§­ëå ®¡« áâ¥©, ª®­-
âãà­ë¥ £à ­¨ç­ë¥ ¯à¥¤áâ ¢«¥­¨ï ª®â®àëå ¨§¢¥áâ­ë
(á¬. (1))¨ âà¥¡ã¥âáï ­ ©â¨ £à ­¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥
¥£® à¥£ã«ïà¨§®¢ ­­®£® ¤®¯®«­¥­¨ï:

C = R2 nB:

�¢¥¤¥¬ ®¡ê¥ªâ A = R2 á £à ­¨ç­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬

B(R2) = h ª®­âãà®¢ ­¥â (n(R2) = 0); !(R2) = true i:

�«ï à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¬®¦­® ¯à¨¬¥-
­¨âì â®«ìª® çâ® ®¯¨á ­­ë©  «£®à¨â¬ ¤«ï à¥ «¨-
§ æ¨¨ à¥£ã«ïà¨§®¢ ­­®£® â¥®à¥â¨ª®{¬­®¦¥áâ¢¥­­®£®
¢ëç¨â ­¨ï C = A n� B: �à¨ íâ®¬ â®ç¥ª ¯¥à¥á¥ç¥­¨ï
£à ­¨æ ¨áª âì ­¥ ¯à¨¤¥âáï (¨å ­¥â) ¨ ¢á¥ ®¡« áâ¨
à §¡¨¥­¨ï ¯«®áª®áâ¨ «¥¦ â ¢ A:

�®¦­® ¡ë«® ¡ë ¯à¥¤«®¦¨âì ¤àã£®©  «£®à¨â¬,
®á­®¢ ­­ë© ­  â®¬, çâ® ª®­âãàë ®¡ê¥ªâ  C ®¡à §ã-
îâ ®à¨¥­â¨à®¢ ­­ë© £à ä (V;�); ¤ã£¨ ª®â®à®£® à ¢-
­ë ¤ã£ ¬ ®¡ê¥ªâ  B á ®¡à â­®© ®à¨¥­â æ¨¥©.
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5. ����������

�§«®¦¥­­ë©  «£®à¨â¬ à¥ «¨§®¢ ­ ­  C/C++ ¢
¢¨¤¥ ¡¨¡«¨®â¥ª¨ äã­ªæ¨©. � ­­ ï à¥ «¨§ æ¨ï ¯à¥¤-
¯®« £ ¥â, çâ® ¢á¥ ªà¨¢ë¥ § ¤ ­ë ¢ ä®à¬¥ �¥§ì¥. � 
ãà®¢¥­ì ¯®«ì§®¢ â¥«ìáª®£® ¨­â¥àä¥©á  ¯à¥¤áâ ¢«¥-
­ë â ª¨¥ äã­ªæ¨¨ ª ª:

� à §¡¨¥­¨¥ ¯«®áª®áâ¨ ­  ®¡« áâ¨ ¬­®¦¥áâ¢®¬
ªà¨¢ëå;

� ®¡à §®¢ ­¨¥ ®¡ê¥ªâ  ª ª ­ ¡®à  ­¥¯¥à¥á¥ª î-
é¨åáï ®¡« áâ¥©, ¡¥§ ®¡é¨å £à ­¨ç­ëå ¤ã£;

� ®¡ê¥¤¨­¥­¨¥, ¯¥à¥á¥ç¥­¨¥ ¨ à §­®áâì ¤¢ãå ®¡ê-
¥ªâ®¢;

� å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®¡ê¥ªâ ;

� à §¡¨¥­¨¥ ¯àï¬®© £à ­¨æ ¬¨ ®¡ê¥ªâ .

Implementation of Set Operations on

Plane
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The given paper is devoted to detailed description
of an algorithm for set operations (union, intersection,
subtraction) on domains that have piece-wise smooth
boundaries, Each piece of boundary is de�ned as a para-
metric cubic polynomial and it is convex and monotone
function.

The algorithm is based on a subdivision of plane into
domains by whole collection of boundary curves of both
objects { operands of particular set operation. Then the
resulting object is constructed from those domains.

The basic calculating operations are solving of a cu-
bic equation via Cardano's formula and computing of
intersection points of two parametric curves by New-
ton's method.

The algorithm was implemented in C as a library.
Programmers interface includes the functions:

� plane subdivision into domains by a set of curves;

� creating an object as a set of non{intersecting
domains;

� union, intersection, subtraction of two objects;

� characteristic function of an object;

� subdivision of a straight line by boundaries of an
object.

Keywords: plain domain, contour, characteristic func-

tion, subdivision of plain, regularized set operations.
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